The effect of blockage on the onset of instability in the two-dimensional uniform flow past a cascade of cylinders is investigated. The same techniques as described in Gajjar & Azzam (2004) are used to tackle the generalised eigenvalue problem arising from a global stability analysis of the linearised disturbance equations. Results have been obtained for the various mode classes, and our results show that for the odd-even modes which correspond to anti-phase oscillatory motion about the mid-plane between the cylinders and are the ones most extensively studied in the literature, the effect of blockage has a marginal influence on the critical Reynolds numbers for instability. This is in sharp contrast to results cited in many studies with a fully developed inlet flow past a cylinder placed between confining walls. We are also able to find other unstable modes and in particular for low blockage ratios, the odd-odd modes which correspond to in-phase oscillatory motion about the mid-plane between the cylinders, are the first to become unstable as compared to the odd-even modes, and with much lower frequencies.
Introduction
The stability of uniform flow past a circular cylinder has attracted much attention in the literature. The cylinder geometry is one of the simplest of the bluff-body flow one can study but nevertheless contains rich dynamics at fairly low Reynolds numbers. Experiments, see for example the reviews by Coutanceau & Defaye (1991) , Williamson (1996) , suggest that the steady symmetric flow past a circular cylinder loses stability at fairly low Reynolds numbers. The loss of stability is characterised by slow oscillations of the wake accompanied by vortex shedding and at even higher Reynolds numbers threedimensional effects are important. However, there are significant discrepancies between different studies on the critical parameters for the loss of stability, ranging from critical Re c values in the mid 30's in some experiments, Coutanceau & Bouard (1977) , to Re c = 48 approximately, obtained by Nishioka & Sato (1978) . Here Re is the Reynolds number based on cylinder diameter and Re c is the critical Reynolds number for loss of stability.
An examination of the cited critical Reynolds numbers for the loss of stability in computational studies highlight similar differences with Re c = 42 reported in Strykowski & Hanneman (1991) to Re c = 54 noted by Noack & Eckelmann (1994) . Of course in computational work differences in numerical methods and other factors does play a role in determining accurate values and some of the earlier studies may have been handicapped by inadequate computing resources in obtaining accurate values.
In this paper we consider the onset of instability in the two-dimensional uniform flow past a cascade of cylinders. The steady case was first studied by Fornberg (1991) . The flow configuration is as shown in Fig. 1 . In a recent paper Gajjar & Azzam (2004) , a robust numerical method was presented for computing the steady flow and a detailed study was carried out to study the behaviour of the solution properties for large Reynolds numbers. Whereas the steady flow properties are of limited theoretical interest, especially in the limit of the Reynolds number becoming large, the onset of instability and the unsteady solution properties are of major concern. Our objective in the current work is to investigate the onset of instability for the same flow configuration using a method based on global stability analysis. In this approach the disturbances to the steady flow are assumed to be proportional to e λt and the linearised unsteady equations are solved to determine the eigenvalues λ as a function of the Reynolds number and blockage ratios. The blockage ratio is defined as the ratio of the cylinder diameter to distance between the cylinder centres. The onset of instability is characterised by eigenvalues crossing the real axis from negative (λ) to positive (λ). A similar approach was used by Zebib (1987) and Jackson (1987) , to obtain results from a global stability analysis for the uniform flow past a circular cylinder. Zebib (1987) used a spectral method with Chebychev polynomials as basis functions to first compute the steady flow and formulated an eigenvalue problem for disturbances by decomposing the perturbations as sine and cosine expansions in the azimuthal direction. This resulted in a generalised eigenvalue problem. In Jackson (1987) the finite element method was used to solve an extended set of equations for detecting Hopf bifurcation for a class of bluff bodies. The global stability approach has also been used by Morzyński & Thiele (1991) , Morzyński et al. (1999) , Chen et al. (1995) , Kumar & Mittal (2006) , Mittal et al. (2008) , Kumar et. al. (2009) amongst others, for discussing the instability of the flow past cylinders and related problems. Morzyński et al. (1999) was one of the first papers to suggest the use of subspace iteration, see Saad (1989) , for solving the eigenvalue problem of the type arising in hydrodynamic stability computations using the global stability approach.
There are many other studies, see for example Strykowski & Hanneman (1991) , in which the unsteady equations are solved numerically and data from the simulations is used to estimate critical parameters for instability. In general such computations are difficult to perform accurately, but the one advantage of simulations is that a variety of initial conditions and disturbances can be explored, and also the nonlinear development can be more readily followed. Barkley & Henderson (1996) have analysed the two-dimensional periodic wake behind a circular cylinder for Reynolds numbers between 140 and 300 and concluded that the flow becomes unstable to three-dimensional perturbations at a Reynolds number of 188.5 in line with values observed in some experiments.
In both the global stability analysis as well as the direct simulation approach, one does not need to make assumptions about the parallel or non-parallel nature of the base flow. However, both approaches lead to challenging computational problems, and their solution requires the use of efficient algorithms. The review by Theofilis (2003) contains many examples of the use of the global stability approach for investigating the stability of two-and three-dimensional flows. Recently, Marquille & Ehrenstein (2003) , Gallaire et al. (2007) , have studied the instability of separated boundary layer flows over humps and have shown how a global stability analysis can be used to predict the low-frequency motion in the self-sustained oscillations generated in the wake region.
To predict the critical parameters for the onset of instability, one needs to be able to compute the steady flow accurately. But as Fornberg (1985) , Fornberg (1991) has shown, for the flow past a circular cylinder this is in general a difficult task, especially if the Reynolds number is large, and proper care needs to be exercised in the choice of the method, the boundary conditions, size of domain and so on. Such considerations raise doubts about whether the size of the domain used in the work of Jackson (1987) (a maximum of 15 cylinders in the streamwise direction and 5 in the normal direction), is sufficient. In Kumar & Mittal (2006) the finest grids used extend to 100 cylinder diameters in both directions. Chen et al. (1995) have argued that it is difficult to compare computational results for the flow past a cylinder in an unbounded domain with experimentally obtained values, since in experiments the cylinder is usually placed between confining walls. Hence in their experimental and computational work they consider the cylinder confined between parallel plates but with a fully developed oncoming flow. This bypasses some of the difficulties in having to compute with a large domain in two directions. A similar configuration is used in the work by Sahin & Owens (2004) , and they were able to highlight the interesting complex dynamics and bifurcations especially at large blockage ratios. Camarri & Giannetti (2007) have studied the effects of vorticity in the incoming flow and blockage effects with a square cylinder, and they suggest that the incoming flow vorticity has an important role to play in the inversion of the von Kármán street in the wake. Shair et al. (1963) had concluded from their experiments that a blockage ratio of 0.2 led to increases of over 300% in the critical Reynolds numbers. On the other hand, the developing flow between parallel plates is not the same as that of uniform flow past a cylinder and the conclusions obtained may not be appropriate for the flow geometry that is studied in the current work.
The problem studied in this paper is closely related to that discussed by Kumar & Mittal (2006) although the numerical techniques used are different. In their work the eigenvalue problem is solved and the results are cross-checked with direct simulations of the unsteady equations. They find that the critical Reynolds number for the onset 1 and J. S. B. Gajjar 2 of instability first decreases and then increases with blockage ratio and that the critical frequencies at onset are also sensitive to the blockage ratio. This is in contrast to the trend reported in the experiments of Shair et al. (1963) and Coutanceau & Bouard (1977) . In more recent work Mittal et al. (2008) imposed centreline symmetry and studied the onset of shear layer instability in the flow past a cylinder. They find that the separated shear layer loses stability at low Reynolds numbers with very small growth rates. In Kumar et. al. (2009) the centerline symmetry condition is also used to investigate instabilities in geometries identical to the present study.
Whilst global stability analysis and direct computations are difficult to perform, especially when one is interested in accurately resolved computations with fine grids, there are many quasi-theoretical studies in which the stability properties of the wake behind a circular cylinder and other bluff bodies is investigated based on using either model wake velocity profiles, Hultgren & Aggarwal (1987) , or those from numerical simulations as in the work of Yang & Zebib (1989) and more recently Castro (2005) . In these studies the parallel flow approximation combined with the solution of the Orr-Sommerfeld or related equations, is used to estimate parameters for the onset of global instability. There have been many other attempts also to try and predict global frequencies based on local absolute instability characteristics, see for example, Pier & Huerre (2001) , Pier (2002) , for two-dimensional flows and Pier (2008) for the instability in the wake of a sphere. Although the results based on such approximations may be useful in certain contexts, they are open to criticism because the wake flow behind the cylinder is clearly non-parallel. Pier (2002) has noted that the discrepancy between the predicted frequency from such an analysis and observed values for Reynolds numbers less than 100 was probably due to the non-parallelism of the near wake flow. Moreover, as Davies & Carpenter (2003) have shown for the flow over a rotating disk, the inclusion of non-parallel effects can give rise to conclusions different from those based on a purely parallel flow analysis as put forward by Lingwood (1995) . Even though there is good agreement between the experiments of Lingwood (1995) and numerical simulations of Davies & Carpenter (2003) in the early stages of the development of the instability, the numerical simulations of Davies & Carpenter (2003) show that this is not sustained for longer times and the rotating disk boundary layer does not produce a globally amplified mode when the flow is taken to be non-parallel.
Finally it is worth mentioning that in recent investigations of the instability of separated flows in channels, and over backward facing steps, see inter alia Marquet et. al. (2008 , it is suggested that non-modal instability, i.e. large transient growth, has a more significant role to play in the appearance of unsteadiness than say modes induced by global instability. Indeed, the relevance of global stability analysis to describe the flow dynamics observed in experiments or numerical simulations has been criticised in these studies. In Abdessemed et. al. (2009) it is argued that large transient growth effects occur and are more important than global eigenmodes, especially for the two-dimensional flow past a circular cylinder. Whilst this may be true in certain contexts, and there are many counter examples, it is our view that without a detailed and accurate study, one cannot immediately draw such conclusions about the flow in the current context. Careful numerical studies as in Mittal et al. (2008) lateral direction, can significantly influence the computations and account for spurious results.
In section 2 we discuss the problem formation and governing equations, followed by brief description of the numerical techniques used in section 3. The results of the computations for various blockage ratios are discussed in section 4 followed by our conclusions in section 5.
Problem formulation
A circular cylinder cascade considered for the study consists of a number of circular cylinders with a unit non-dimensional radius. Their centers lie on the y-axis and are separated by a non-dimensional distance W . The blockage ratio is defined by the nondimensional parameter β = 2/W. The cascade as shown in Fig. 1 is placed in a uniform stream moving with velocity U in the x-direction. Due to the symmetry in the y-direction, only the flow corresponding to 0 ≤ y ≤ W/2 is considered. The domain with the half cylinder is shown in Fig. 2 .
The governing equations are the 2-D, unsteady Navier-Stokes equations for an incompressible fluid flow which when written in terms of the stream function (ψ) and vorticity (ω) are:
In Eq. (2.1), Re is the Reynolds number and is given by Re = U d/ν where d is the diameter of the cylinder and ν is the kinematic viscosity of the fluid. A detailed description of solving the steady equations (2.1) for varying W and Re is given in Gajjar & Azzam (2004) . The same method is adopted here to determine the flow instability. For this reason, only brief details of the method explained in Gajjar & Azzam (2004) are mentioned in this section. Further details of the numerical methods used for both the steady and unsteady problems discussed below may also be found in Boppana (2007) or Boppana & Gajjar (2010) where similar techniques are used to investigate the instability of flow in a lid-driven cavity.
For the ease of computations, the physical domain is as shown in Fig. 2 with the X(=x + iy) domain transformed to a rectangular strip denoted by Z(=ξ + iη). The transformed domain as indicated in Fig. 3 is obtained by means of the conformal mapping described by Fornberg (1991) and Gajjar & Azzam (2004) .
The governing equations (2.1) and boundary conditions in the transformed domain are given by: 1 and J. S. B. Gajjar Figure 3 . Sketch of the transformed domain.
where J = |dZ/dX| 2 is the Jacobian of the transformation.
Hydrodynamic stability analysis
To analyze the stability, we used the method of normal modes, according to which the total flow (ψ(ξ, η, t) and ω(ξ, η, t)) is expressed as
(3.1) and δ is a small disturbance size. Substituting (3.1) into the governing equations (2.2) gives rise to the following steady and linearized stability system of equations: Steady equations and boundary conditions:
and
Linearized stability equations and boundary conditions:
The constant V is determined via the conformal mapping, Fornberg (1991) . Only the half domain of the flow past a circular cylinder is considered due to the flow being symmetric with respect to ξ axis (i.e. u(ξ, η) = u(ξ, −η). This implies ψ(ξ, η) = −ψ(ξ, −η) and ω(ξ, η) = −ω(ξ, −η)) and two sets of boundary conditions arise on the lower boundary, the cylinder surface excepted. They are either ψ = 0 and ω = 0, |ξ| > 2, η = 0, which we label as even modes (the streamwise disturbance velocity component is even about (η = 0)) or ψ η = 0 and ω η = 0, |ξ| > 2, η = 0 which then correspond to odd modes. A similar classification can be made with respect to the boundary condition on η = V /2 with for instance even modes given by
This gives rise to 4 mode classes which are studied below. These are even-even (EE) modes, even-odd (EO) modes, odd-even (OE) modes, and odd-odd (OO) modes, and in all cases the first letter corresponds to the boundary conditions on η = 0 and the second letter to the boundary condition on η = V /2. The OE modes are the closest to the ones studied in the flow past an isolated cylinder.
3.1. Numerical method A further spline transformation in which ξ = g(τ ) is used in the ξ direction to attain a uniform grid in terms of τ , for more details see Fornberg (1991) , Gajjar & Azzam (2004) . Fourth-order central differences in the τ -direction and Chebyshev collocation in the η-direction are used for discretizing the equations. In the η direction, the grid points are located at the Chebyshev collocation nodes. The domain was truncated in the τ -direction such that the lower bound of it is denoted by τ min and the upper bound by τ max . Therefore, the uniform grid in τ is given by
In the η-direction, the domain is mapped to Chebyshev space i.e, η ∈ [0,
The discretization of the basic flow equations gives rise to a set of discrete equations which are nonlinear. These are linearized using a Newton-Raphson technique. For this purpose, let ψ i,j = Ψ i,j + H i,j and ω i,j = Ω i,j + G i,j , where Ψ i,j , Ω i,j are some initial guesses and H i,j , G i,j are corresponding correction factors such that |H i,j |, |G i,j | << 1.
Let the total number of grid points be denoted by M in the τ -direction and N (= n + 1) in the η-direction. Thus the linearized steady equations, after ignoring the smaller order nonlinear terms and collecting the like terms will be of the form
where the matrices A to E are of size 2N × 2N and they arise due to the enforcement of Chebyshev collocation nodes in the y-direction. Φ p is a vector of correction factors of stream function (H p ) and vorticity (G p ) at each node in the τ -direction i.e.,
A block penta-diagonal structure arises as a result of discretizing the equations with fourth-order central difference in the τ -direction. The linear system (3.4), when written in matrix form results in
where
Equation (3.5) is solved for Φ using a direct solver which exploits the sparsity of the block penta-diagonal structure of matrix L.
The obtained stationary solution is used in the linear stability equations which after discretization and collecting the like terms gives rise to
except that Ψ and Ω in them have to be replaced by ψ and ω. The vector Θ p is a vector of perturbation streamfunction and vorticity values at the location τ = τ p similar to Φ p above. Equation (3.6) can be written in the form of a generalized eigenvalue problem given by
where R is a diagonal matrix and
T . Equation (3.7) is solved for eigenvalues λ and eigenvectors Θ using the software library ARPACK. Interested readers are also referred to the papers by Tuckerman & Barkley (2000) and Barkley et al. (2008) which give a good discussion of how existing temporal simulation codes may be adapted to solve eigenvalue problems of the type as in (3.7) arising from a primitive variables formulation of the problem.
Boundary conditions
A few of the boundary conditions given in Eqs. (3.2b) and (3.3b) are altered to resolve the flow features and to capture the most unstable modes.
(a) At outflow, the boundary conditions used are
∂y 2 − ζ 2ψ +ω = 0, similar to those suggested by Fasel (1976) . Here ζ is a parameter which for the the study of OE modes was usually set to zero, but for the other modes, a non-zero value (typically 0.1) was used. The earlier numerical study on steady flow past a circular cylinder cascade by Gajjar & Azzam (2004) showed that the above conditions with ζ = 0 serve well as non- reflecting outlet conditions (with the perturbation quantities replaced by the mean-flow variables).
(b) Using the boundary conditions corresponding to the EE modes ψ=0 and ω=0 on A B and E F in Fig. 3 , we could not find any wake instability even for Re as high as 1000 for the case of W =5, and therefore this case is not documented any further below. Unstable modes were found for all the other 3 mode classes as discussed below.
Global stability analysis: results and discussion
Computations were carried to determine the critical Reynolds number that causes primary wake instability and the associated non-dimensional vortex shedding frequency called the Strouhal number. This is given by St c = (λc)d 2πU where λ c is the critical eigenvalue which has the largest real part. An attempt was also made to study the effect of blockage ratio between the cylinders and outlet boundary locations on the critical parameters. The gap widths chosen for this study are W =5, 10, 20, 50 and 100 corresponding to blockage ratios of β = 0.4, 0.2, 0.04 and 0.02 respectively. Earlier computations on the steady flow by Gajjar & Azzam (2004) showed that the location of the upstream boundary, τ min =-7 (with a corresponding x min ≈ -90) is sufficient and any further decrease in τ min had no significant affect on the results. Therefore, in the current study, τ min =-7 is chosen. Some studies Behr et al. (1991) , Kumar & Mittal (2006) for example, have shown dependence of the critical parameters on the location of boundaries in the streamwise direction. In order to understand this, we chose τ max =27, 25, 23, 21, 19 (with the corresponding x max =675.56, 527.55, 403.06, 300.07 and 216.51) keeping the τ min value fixed. In the steady calculations, Gajjar & Azzam (2004) used τ max =21 to ensure that the eddy was contained in the computational domain. So, we chose a slightly lower value than this minimum value (τ max =19) to find if this is sufficient for computations. The maximum value of the outlet boundary location (OBL) is set to 27 as any value greater than this was found to be computationally expensive. OBL is same as τ max . But this acronym will be used hereafter for convenience. Tables 1 and 2 show the values of M and N typically used for our computations. The maximum value of h which is the step size in τ -direction is chosen to be 0.05 as any value higher than this was not found to be good enough to capture the flow features. The minimum value of h is chosen as 0.0167 as the unsteady calculations for any value less than this is computationally expensive especially when W is either 50 or 100 and for larger values of the OBL. 1 and J. S. B. Gajjar Table 3 . Critical values at different blockage ratios for the OE modes. Here xp is the location for the maximum value (denoted byũp) of the centerline perturbation velocity |u1|. The outlet boundary was set at τmax = 21 corresponding to xmax = 300.07
Results for the OE modes
We first present results for the odd-even modes (as defined in section 3). The blockage is defined as β = 2 W and the respective critical values corresponding to the OE modes are tabulated in Table 3 where we show the critical values of the Reynolds number Re c and the critical Strouhal frequencies St c for some of the blockage ratios studied at the onset of instability, taken from the finest grid data. Figure 4 (a) clearly indicates that with increase in blockage, there is an increase in St c . As the blockage value increases, Re c increases and then decreases and again increases as shown in Fig. 4(b) . The one other noticeable effect of blockage is that the maximum centerline perturbation velocities in the wake region increase with increasing blockage from O(10 −4 ) for β = .02 to approximately 0.6 for β = 0.4, see Table 3 .
In figures 5-9 we have shown contour plots of the streamfunction and vorticity for the basic flow, together with contour plots of the real and imaginary parts of the eigenfunctions at the critical values. For clarity, the eigenfunction plots for blockage ratios β < 0.2, are shown for only a partial domain in both x and y, and not the full domain used for the computations. The basic flow shows a reversed flow eddy with the reattachment point between x = 5 and x = 7.5 for all the blockage ratios studied, and the reattachment point is closer to the cylinder with increased blockage. Figure 10 shows the computed eigenvalues for the case when W = 100 for one particular grid. The eigenvalues crossing the imaginary axis lead to a Hopf bifurcation and are well separated from the others. Interestingly the spectrum also shows another low frequency discrete pair with (λ) = −0.08 approximately. Although we have not carried out extensive computations to find additional unstable OE modes at higher Reynolds numbers, these are present. For instance, for W = 20, in Table 4 , additional unstable eigenvalues for Reynolds numbers between 125 and 200 are shown, and it is clear that a second unstable pair becomes unstable between Re = 125 and 150. The same conclusion also applies to the W = 50, β = 0.04 case. This can be seen clearly also in Fig. 11 where a plot of the spectrum is shown for W = 20, β = 0.1, and W = 50, β = 0.04 is shown. The eigenfunctions are all normalised so that the maximum absolute value of the streamfunction eigenvector is unity. Only the details near the cylinder are shown for most of the cases. What is noticeable is that all the eigenvector plots show a wavepacket behaviour and the flow near the cylinder appears periodic after about 2.5 cylinder diameters and persists for some considerable distance downstream. The vorticity eigenvectors have a staggered double humped shape with negative and positive values, and with increased blockage, the more intense are the peak values. The maximum and minimum values of the vorticity eigenvectors are located on the y = 0 line. For the high blockage ratios the location of the secondary peaks is between y = 1 and y = 2 and this line moves further away for decreasing β. The details of the eigenfunctions for the cases when W = 50 and W = 100, see Figures 8, 9 are almost identical in the near wake region and also far downstream. This can be seen clearly in Fig. 13 where we plotted the streamfunction on the line y = 0 for both cases. With increased blockage, the location of the maximum of the streamfunction eigenfunction moves closer to the cylinder and decays faster. This is shown clearly in Fig. 14, as well as in the tabulated data for the centerline velocities in Table 3 . In Fig. 15 we have plotted the functionω m = max y [|ω(x, y)|] for various blockage ratios. This shows that for increased blockage the maximum of the envelope of the vorticity eigenfunctions also moves closer to the cylinder. In addition for small blockages β < 0.2 the peaks coincide at approximately the same location. An anonymous referee has suggested that this may have some connection with the findings of Goujan-Durand et al. (1994) . The slight oscillations present in the plots for W = 100, β = 0.02 are because of the coarser grid used. 
Results for OO modes
In Table 5 the values for the critical parameters for the onset of instability of the OO mode class are given with the instability again taking place as a Hopf bifurcation. The critical Reynolds number for the onset of instability does not change greatly with change in blockage ratio and the values are not too dissimilar to those for the OE modes. The variation of Re c is also non-monotonic with change in blockage ratio, see figure 4. The OO modes have much lower Strouhal frequencies than for the OE modes and increase in value with increasing blockage ratio. For low blockages, the OO mode is the first to become unstable as compared to the OE mode as can be seen in figure 4 .
The spectrum for the OO modes computed for W = 50 is shown in Fig. 12 , and shows a pair of well separated unstable eigenvalues. Taking ζ non-zero in the outer boundary condition it was found that for some blockage ratios it was not possible to pick up the unstable eigenvalues. Moreover, the eigenfunctions (with ζ = 0) for the least stable modes showed growth at the downstream boundaries and these were not grid independent. The Table 5 were checked by varying various parameters and found to be fairly robust.
values for the critical values shown in
Eigenfunctions for the OO modes are shown in figures 17-19 for blockage ratios β = 0.02, 0.1 and 0.4. The real and imaginary parts of the eigenfunctions look similar, offset by a small phase. For large blockages the eigenfunctions peaks are staggered along the cylinder centreline (y = 0) as compared to the peaks on the mid-lane between the cylinders. The shape of the eigenfunctions on the wake centerline (y = 0) shows a typical wave-packet behaviour as can be seen in figure 16 . The disturbances extend some considerable distance downstream and eventually decay. For larger blockage ratios the decay is faster than that for the smaller blockage ratios. In figure 16 the real parts of the centerline perturbation streamfunction are compared for W = 50 and W = 100 and shows that the results for W = 50 capture the dominant features for the large gap-width case. 
Results for EO modes
Critical values for the onset of instability for the EO modes are given in Table 6 . It can be seen that for this mode class, the instability is via a pitchfork bifurcation. In all cases of the blockage ratios computed, the critical Reynolds numbers are much higher values than those for the OE, and OO modes, with Re c increasing with decreasing blockage ratios. Typical eigenfunctions for the EO modes are shown in figure 20 for the case W = 5. The eigenfunction peaks close to the cylinder and decays rapidly within 50 cylinder diameters. The vorticity eigenfunction also shows the positive and negative peaks on either side of the separated streamline of the steady flow. The imaginary part of the vorticity eigenfunction should be zero but has a small non-zero value arising from numerical error. If the value for ζ in the boundary condition at the outlet is zero, then the numerical error increases significantly downstream. 
Effect of grid size and downstream boundary location on critical values.
The critical values cited in Tables 3, 5 were found to be grid-independent for the cases W = 5, 10, 20, 50 provided the OBL was located sufficiently far enough downstream. The values range from OBL = 19 for the case W = 5 to OBL = 25 for the case W = 50. At these locations the perturbations are of sufficiently small magnitude to not affect the solution. On the other hand, the computations for the W = 100 case proved particularly sensitive to the choice of the OBL as well as the number of basis vectors in the Arnoldi iterations, especially for the OE modes. The details of the typical parameters used to compute Re c and St c for W = 100 are tabulated in Table 8 . As with any computations using ARPACK, the convergence properties depend critically on the choice of the number of basis vectors, converged eigenvalues, as well as the shift parameters which are used.
Whereas the critical values for the Reynolds number and Strouhal frequencies show only a small variation with respect to the grid parameters used, with the parameter ζ = 0 taken for the downstream boundary condition, the location of the OBL for W = 100 had a major effect on the eigenfunction. This is seen clearly in calculating the streamwise velocity, u 1 = ( ψ y ), corresponding to finest grid size for OBL=21 and 25. The centerline (y = V /2) velocity profiles are shown in Fig. 21 . It is noted that for OBL=21 the wave packets form just behind the cylinder and as they approach the outlet boundary, the oscillations drift away from their mean fluctuation level. However, the wave packet of u 1 corresponding to OBL=25 behind the cylinder has gradually decayed but at the downstream boundary, its magnitude has again increased. In Fig. 22 we present centerline velocities for two different OBL's for the case when W = 10. This shows grid independence as compared to the W = 100 case primarily because the eigenfunction has decayed sufficiently for the enforcement of the boundary condition to be feasible. This is also seen clearly in the contour plots for the eigenfunctions in Fig. 23 where we have shown the eigenfunctions over the full extended domain with the OBL=21. Even though the outer boundary is set at 150 diameters from the cylinder the effect on the streamfunction and vorticity eigenfunctions is considerable near the outer boundary. In Fig 24 we have shown similar contour plots for the W = 100 eigenfunctions when the outlet boundary is set to a much larger value (OBL=25). Here the streamfunction eigenvectors are not affected by the downstream boundary, but the vorticity eigenvectors still show some distortion close to the downstream boundary.
For the EO modes, choosing a non-zero value for ζ led to growth of the eigenfunction at the downstream boundary, with the details in the region closest to the cylinder (x < 250) remaining largely unchanged. In addition for the EO modes, since the bifurcation is via a pitchfork bifurcation, the computed numerical approximation to the (zero) imaginary part of the eigenfunction manifested as a significant numerical (point to point) oscillation with a zero mean.
The computation of the OO modes required a careful choice of the shift parameter using in ARPACK. In many instances, taking this to be zero or too small failed to pick up the unstable eigenvalues. Taking a zero value for ζ in the outlet boundary condition also caused difficulties with the computed eigenfunction growing at the downstream boundary, and in some cases this also did not pick up most unstable eigenvalue. Description of acronyms used in Table 9 : different numerical method/experiments adopted for the study, grid size, blockage ratio, location of upstream and downstream boundaries, nature of inlet flow.
Comparison of results with literature
The critical values given in the Table 9 for this study correspond to W = 100 with the blockage ratio β = 0.02 for the OE modes. This value is chosen because the critical values listed in the table from various studies correspond to unbounded flow past a circular cylinder.
It can be observed from this table that the critical Reynolds number obtained in this study (48.8) is very close to that obtained by Nishioka & Sato (1978) (48.0) who performed experiments with a blockage of 0.015. The lowest value of the critical Reynolds number in this table is 34.0 obtained by Coutanceau & Bouard (1977) for an unbounded case whereas the value reported for the present study correspond to the blockage of 0.02. Similarly, the highest value of the critical Reynolds number in this table (Re c = 54) is reported by Noack & Eckelmann (1994) who used global stability analysis of the steady and the periodic cylinder wake by employing a low-dimensional Galerkin method. However, their value is also significantly different from others in the literature. Noack & Eckelmann (1994) , the lowest one is 0.115 obtained by Yang & Zebib (1989) who used local linear stability theory to investigate the stability characteristics of a circular cylinder wake.
Listed in Table 10 are the critical values compared with the literature for different blockage ratios. Kumar & Mittal (2006) derived the following relation equation (4.1), for Re c and St c in terms of blockage based on their numerical experiments in which the upstream and downstream boundaries are set at 50d from the center of cylinder. In our work the downstream boundary for W = 100 was in excess of 300d. It can be seen from centerline velocity plots that at x = 100 the perturbation has yet to attain its peak values. The values of Re c and St c in Table 10 by Kumar & Mittal (2006) are determined using the above equations. It can be observed from this table that the values of the critical Strouhal number are in good agreement (up to 2 decimal digits) with Kumar & Mittal (2006) though the critical Reynolds number differ for all blockage ratios. The empirical formula shown above may not hold for larger values of β. The predicted St c value of 0.1678 for β = 0.4 from (4.1) may be compared with our calculated value of 0.2952. Also, in their study from β=0.02 to 0.1, Re c values decreased first and then increased while for the same range of β, our study showed that Re c values are gradually increasing. Interestingly, beyond this value of β i.e, for 0.15 ≤ β ≤ 0.4, our study showed Re c value to be decreasing again and then increasing. Both our study and Kumar & Mittal (2006) 's study ascertained the fact that the behavior of Re c is non-monotonic with blockage.
For β=0.1, 0.2 and 0.4, our critical values differ significantly from Sahin & Owens (2004) and Chen et al. (1995) . This is mainly because they have used fully developed flow at the inlet boundary. The experimental findings of Shair et al. (1963) of a 300% increase in Re c for β = 0.2 as compared to the β = 0 extrapolated value would seem to be at odds with the numerically calculated values of Sahin & Owens (2004) and Chen et al. (1995) . Compared to our results the effect of blockage on the critical Reynolds number by having a uniform flow at the inlet, is marginal, in contrast to that with fully developed flow at the inlet. 4.6. Additional comments and comparisons for a pair of cylinders.
Whilst the single cylinder case has been extensively studied, there are very few results generally available for the flow past a row of cylinders. Williamson (1985) has studied the flow past cylinders experimentally with gap-widths corresponding to 2 ≤ W ≤ 9 in our notation. He has found complicated wake vortex shedding patterns which are observed corresponding to in-phase, and anti-phase synchronised, and flip-flop motions. Kang (2003) has been able to reproduce the results in Williamson (1985) but the values of the various parameters used makes it difficult to make any direct comparisons with our results. Most of the computations are for much larger values of the Reynolds numbers than the critical values.
The work of Akinaga & Mizushima (2005) , Mizushima & Ino (2008) is possibly the closest with respect to the problem studied in this paper. Akinaga & Mizushima (2005) have used numerical simulations as well as stability analysis to predict the critical Reynolds numbers and Strouhal frequencies. In their work the parameter σ is related to our W by W = 4σ + 1 and they find that for the case σ = 4, W = 17 the symmetric mode, corresponding to the OE mode studied here, is the most unstable and has critical values Akinaga & Mizushima (2005) . In figure 4 it can be seen that the OO mode is the more unstable for blockage ratios in the vicinity of β = 0.1, corresponding to W = 20, which is opposite to that found by Akinaga & Mizushima (2005) . Also Akinaga & Mizushima (2005) find that there is a crossover of instabilities at a value of σ = 2.34 corresponding to W = 10.34 and a blockage ratio of β = 0.193. Figure 4 shows that there is a crossover of instabilities at a similar value of β ∼ 0.19 but whereas in Akinaga & Mizushima (2005) for β > 0.1932 the OO mode is more unstable, our conclusions are opposite in that in this range we find the OE mode to be the more unstable. One possible reason for such a large discrepancy in the results may be due to the values of the outer boundary locations which is set at 30 cylinder diameters in Akinaga & Mizushima (2005) , as compared to several hundred in our work. Peschard & Le Gal (1996) suggested that the the anti-phase and in-phase oscillatory motion could be described by a coupled oscillator model, but this was dismissed by Akinaga & Mizushima (2005) on the grounds that the critical frequencies for the two modes were found to be very similar. However in our results the two critical frequencies are quite distinct. In their experiments Peschard & Le Gal (1996) find for large gap widths W > 6 that there is no coupling between the two vortex streets, but for smaller gap-widths there are much more complicated interactions. Again, the Reynolds number regime studied here is far above the critical values.
Conclusions
The instability of flow past a row of circular cylinders has been examined for various blockage ratios, extending previous work by Fornberg (1991) and Gajjar & Azzam (2004) for the steady case. The same numerical techniques as used in Gajjar & Azzam (2004) to compute the steady flow for large Reynolds numbers, have been adapted for the unsteady case and the critical parameters for the onset of instability have been determined. It is found that there are 3 unstable mode classes and the primary wake instability is due to a Hopf bifurcation to the OE and OO modes. The OE modes correspond to antiphase oscillatory motion in which the disturbance streamfunction is anti-symmetric about the mid-plane between the cylinders. The OO modes correspond to in-phase oscillatory motion in which the disturbance streamfunction is symmetric about the same mid-plane. In both cases the disturbance streamfunction is symmetric with respect to the wake centerline passing through the cylinder centres. For the flow past a single cylinder results for the OE modes are in good agreement with those published extensively in the literature. It is found that for low blockage ratios, the OO modes correspond to low frequency oscillations and are the first to become unstable although the critical Reynolds numbers for instability are not too different for the OO and OE modes.
The critical parameters have been found to be largely insensitive to the grid sizes and parameters used in this study for values of the gap width W = 5, 10, 20, 50 corresponding to blockage ratios of β = 0.4, 0.2, 0.1 and β = 0.04. For the larger gap width case of W =100 (β = 0.02), the values of Re c are found to be fluctuating between 48.5 and 48.8 depending on the value of location of the outlet boundary, whereas the values of the critical Strouhal number St c is found to be insensitive. This fluctuation of values may be taken care of by either increasing the value of the outlet boundary location or by using different (non-reflective) downstream boundary conditions.
The numerical results obtained have shown that the positioning of the downstream boundary can affect the critical values obtained and that for small blockage ratios the downstream boundary needs to be much further than for large blockage ratios. This means that the study of the instability of flow past an isolated circular cylinder requires not only good resolution near the cylinder but also very long domains. This is one of the reasons why such computations are difficult to perform accurately.
An attempt was also made to study the influence of blockage on the critical values. It was found that the critical Strouhal number exhibits a monotonic behavior with blockage while the critical Reynolds number do not. In addition centerline perturbation velocities for the OE modes are significantly increased with increasing blockage. Kumar et. al. (2009) have suggested that this non-monotonic variation is because of the effect of the lateral boundaries in suppressing disturbance growth in the cross-stream direction, together with the effect of local flow acceleration in the streamwise direction.
For the flow past a single cylinder, the effect of blockage on the critical parameters with a fully developed inlet profile is much more pronounced than with a uniform flow at the inlet. In both cases blockage increases the critical Reynolds number for instability, although our results indicate that the the increase is only marginal for the latter.
Our study has also shown that beyond the primary instability there are other unstable modes and in particular for W = 20, β = 0.1 and W = 50, β = 0.04 a second unstable pair of eigenvalues can be found for the OE mode at Reynolds numbers between 125 and 150. This raises doubts about the comment made in Barkley & Henderson (1996) that 'there are no further two-dimensional bifurcations in the flow dynamics' before the three-dimensional mode at a higher Reynolds number.
The few published papers on the instability of flow past a row of cylinders have shown that there exists a rich dynamics of different vortex induced motions, both experimentally and numerically, but there appear to be very few detailed numerical results, certainly in the parameter regimes studied in the current paper. With the one study where it was possible to make some comparisons, we find strong disagreement as far as the critical Strouhal frequencies and Reynolds numbers are concerned. It is noted that our results for the OO modes point to a low frequency oscillation, and such types of oscillations arise in other contexts involving separated bubbles and wake instabilities, see Castro (2005) for example and the references therein. The low frequency oscillations have not been properly understood and it would be intriguing if these are connected with the OO modes that we have discussed. The eigenfunctions for both modes have very similar features and as the coupled oscillator model of Peschard & Le Gal (1996) shows there are distinct possibilities of intricate interchanges between the different states.
There have been many numerical investigations of hydrodynamic instabilities based on solving the generalised eigenvalue problem using subspace iteration. The study of instabilities in a lid-driven cavity in Boppana & Gajjar (2010) and others, suggests that conclusions based on just a global stability analysis can sometimes be inadequate, and should ideally be cross-checked with simulations of the linearised unsteady equations, something admittedly not done here. In Boppana & Gajjar (2010) it was found that working with a small basis and certain shift parameters, it was indeed possible to miss physically more unstable modes which were present. It is noted that the number of basis vectors used in many studies is small as otherwise computational times can be prohibitively excessive. In the current work it has been possible to do proper grid size studies because of the numerical method which has been used.
It would be interesting also to explore the further nonlinear development of the instability and three-dimensional aspects. The former necessitates working with the full physical domain and not assuming symmetry as we have done. This of course requires a considerable non-trivial modification to the techniques used in this study.
